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Abstract
In this paper, we investigate the Unruh radiation in the Bohmian
field theory on a shape dynamics background setting. Since metric
and metric momentum are real quantities, the integral kernel to in-
vert the Lichnerowicz-York equation for first order deviations due to
existence of matter terms turns out to be real. This fact makes the
interaction Hamiltonian real. On the other hand, the only contribu-
tion to guarantee the existence of Unruh radiation has to come from
the imaginary part of the temporal part of the wave functional. We
have proved the existence of Unruh radiation in this setting. It is
also important that we have found the Unruh radiation via an Unruh-
DeWitt detector in a theory where there is no Lorentz symmetry and
no conventional space-time structure.
1 Introduction
Shape dynamics (SD) [2, 3, 5, 21, 23] (see ref. [29] for a review) is a theory
of gravitation that is based on 3-conformal geometries where time is absent,
based on Julian Barbour’s interpretation of the Mach’s principle [6]. Al-
though SD agrees with general relativity locally (hence passing all the tests
in the low curvature regime) it may have global differences: for example the
spherically symmetric vacuum solution is not the Schwarzschild black hole
but rather a wormhole [20]. Moreover space-time is an emergent phenomenon
in SD and it exactly ceases to emerge at the event horizon of the spherically
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symmetric vacuum solution of SD [20]. This fact may be related to the fire-
wall paradox and its solution. In ref. [20] this was also speculated in the
context of ER=EPR [28] scenario. See ref. [22] for more speculation on SD
resolution of the firewall paradox.
Bohmian mechanics (BM) [8, 17, 18] (see ref. [16] for a review) is an
observer-free interpretation of quantum mechanics. There, the quantum
particles have definite positions whereas the whole system is always |ψ|2
distributed. Hence Born’s statistical interpretation of quantum mechanics is
respected. On the other hand Bohmian field theory (BFT) [10–15, 30–32] is
an attempt to give quantum field theory a Bohmian interpretation.
In this paper we give a derivation for the existence of the Unruh effect [33]
from the perspective of Bohmian field theory. For this purpose we use a 3-
dimensional shape dynamics theory on top of which there is a massive scalar
Bohmian field. In order to quantify the existence of Unruh effect, we use
the jump rates i.e. transition rate explained in Section 5 from Bohmian field
theory. For this purpose we summarize SD and BFT in Sections 2 and 5. We
give a description of scalar fields on shape dynamics background following [27]
in Section 3. In Section 6 we give details on how to put Bohmian fields on
a shape dynamics background and show the existence of the Unruh effect in
this setting.
2 A Brief Account of Shape Dynamics
In this part we give a short review of SD which is originally a theory on
compact spaces [2, 5]. Its configuration space is the same as that of gen-
eral relativity [21, 23]. In SD, the basic ontology is conformal 3-geometries.
Hence the theory is symmetric under (volume preserving) conformal trans-
formations. If the reader is interested in the case of asymptotically flat space,
Ref. [19] is a good source. However, in our approach we will closely follow
Ref. [27].
Let Σ, N and ξa respectively be a compact Cauchy surface, a lapse func-
tion and a shift vector field. In the ADM (Arnowitt, Deser, and Misner)
formalism [4] the line element of GR is written as follows (in the mostly plus
signature):
ds2 = (gabξ
aξb −N2)dt2 + 2gabξadxbdt+ gabdxadxb. (1)
It is found that N, ξa turn out to be Lagrange multipliers of the following
constraints:
2
S(N) =
∫
Σ
d3xN
(piab(gacgbd − gabgcd/2)picd√
g
− (R− 2Λ)√g + matter terms
)
, (2)
H(ξ) =
∫
Σ
d3x(piabLξgab + piALξφA), (3)
where φA and pi
A stand for matter fields and their conjugate momenta.
Time evolution is generated by S(N)+H(ξ). In the Constant Mean Extrinsic
Curvature (CMC) gauge fixing of GR (pi − 〈pi〉√g = 0), there is a conformal
factor Ω0 that solves the Lichnerowicz-York (LY) equation:
8∇2Ω = RΩ +
(〈pi〉2
6
− 2Λ
)
Ω5 − 1
g
Ω−7σabσab
+ matter terms, (4)
where σab ≡ piab − pigab/3 is the trace-free part of the conjugate momen-
tum of the metric. It turns out that the York Hamiltonian,
∫
Σ
d3x
√
gΩ60,
generates time evolution in York time, τ = 2〈pi〉/3 where pi = piabgab and
〈pi〉 = ∫
Σ
pi/
∫
Σ
√
g. The smeared gauge-fixging condition
Q(ρ) =
∫
Σ
d3xρ
(
pi − 3
2
τ
√
g
)
(5)
works “as a generator of spatial conformal transformation for the metric
and the trace-free part of the metric momenta and forms a closed constraint
algebra with the spatial diffeomorphism generator” [27]. Therefore the gauge-
fixing condition (5) can be used to map pi → 3
2
τ
√
g and from now on τ
becomes an “abstract evolution parameter” [27] and the total volume of
space, V =
∫
Σ
d3x
√
g, is a pure gauge entity. This new theory is called as
shape dynamics with the Hamiltonian
HSD =
∫
Σ
d3x
√
gΩ60[gab, pi
ab → σab + 3
2
τgab
√
g, φA, pi
A]. (6)
For the relation between SD and GR readers may see [21, 23], where the
linking theory approach is used.
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3 Classical massive scalar field on a shape dy-
namics background
Let us begin with a usual scalar field on a shape dynamics background. The
steps are already sketched in Ref. [27] and we will follow it closely in this
regard. We suppose two properties of the setting: 1) perturbation theory is
valid and 2) we look for description on short time intervals. First property
is required to use the perturbation theory and the second one is needed to
disregard back-reaction of the field on space.
We assume that the Hamiltonian, HSD, is even in field quantities, and
accepts a perturbative expansion HSD = H0 + εH1 + O(ε2). Let φ and
$ be the massive scalar field and its conjugate field momentum and Ω =
Ω0 + εΩ1 + O(ε2) be the solution of the LY equation (4), where Ω0 solves
the source-free LY equation. We expand the LY equation as a perturbative
series in ε and the result to first order in ε is the following:
Ω1 =
∫
Σ
d3yK(x, y)
Hquadmatt
Ω0
√
g
(y), (7)
where Hquadmatt is quadratic in the field φ and its momenta and K(x, y) is
the Green’s function given by:
K(x, y) =
[
8∇2 −
(
R + 5(
3
8
τ 2 − 2Λ)Ω40 +
σabσab
g
Ω−80
)]−1
, (8)
where we used τ = 2〈pi〉/3. For a massive scalar field we have:
Hquadmatt =
1
2
(
$2√
g
+ (Ω40g
ab∂aφ∂bφ+m
2φ2)
√
g
)
. (9)
Moreover, the first order Hamiltonian, H1, is given as follows:
H1 = 6
∫
d3x d3y
√
g(x)Ω50(x)K(x, y)H
quad
matt(y). (10)
Since the lapse function N(x) is the Lagrange multiplier of the Hamilto-
nian, we obtain:
N(y) = 6
∫
Σ
d3x
√
g(x)Ω50(x)K(x, y). (11)
4
4 Uniformly accelerating observers and shape
dynamics variables
From now on, we will consider a constantly accelerating observer. The four
dimensional Rindler metric for the observer in relativity theory is the follow-
ing:
ds2 = −e2aξdλ2 + e2aξdξ2 + dy2 + dz2. (12)
From the perspective of ADM formalism, the shift vector field vanishes,
Lapse function equals N = eaξ and the 3-metric is given by:
gab = diag(e
2aξ, 1, 1). (13)
The spatial compact manifold we consider for SD is a three torus Σ with
side lengths Lx, Ly and Lz and with volume V =
∏
i Li. The coordinate
change to required for moving to Σ with Cartesian coordinates is eaξdξ → dx.
The setup is parity symmetric around x = 0 [25]. This is noted as a parity
horizon in Ref. [25]. (See Ref. [25] to see other examples of parity horizons,
e.g. in SD black holes) In short, x ranges from 0 to Lx, and ξ ranges from
−∞ to Lξ = ln(aLx)/a.
For Rindler space the momentum conjugate to the three dimensional
spatial metric, namely piab, vanishes. The Hamiltonian constraint (2) is au-
tomatically satisfied as well as the diffeomorphism constraint (3) because the
lapse function is zero. The first order LY equation (4) is ∇2Ω0 = 0. The
solution we choose is Ω0 = 1.
It is quite easy to solve equation (8) for K(x, y) under these circum-
stances. It is proportional to the Green’s function for the Laplacian on the
3-torus. However there is a subtlety in tori in terms of the Green’s func-
tion equation [24]. For example, the equation to be satisfied by the Green’s
function on 3-torus with volume V is:
∇2xG(~x, ~y) = δ(~x− ~y)−
1
V
, (14)
where the last terms is needed for consistency when the equation is inte-
grated and Gauss’ theorem is used. In our case, the function of interest is
found to be:
K(x, y) =
1
8|~x− ~y| −
|~x− ~y|2
48V
. (15)
where the first term may be replaced by its principle value to avoid a
singularity at ~x = ~y. This solution is valid in Cartesian coordinates in Σ.
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Moreover, this is valid when the average value of
√|g|Hquadmatt over space is
zero. Otherwise the Laplace equation is not invertible on compact spaces
without boundary.
To conclude this section, note that the reduced configuration space of
SD and GR are the same [21, 23]. The constraint for the Constant Mean
Extrinsic Curvature (CMC) gauge is satisfied, since piab = 0. However we
chose to work with SD variables. Our approach should reproduce the same
result when viewed from a GR perspective.
5 A Brief Account of Bohmian Field Theory
First of all, in order to make a smooth connection to Bohmian Field Theory
(BFT), let us give information on what Bohmian Mechanics (BM) [8,16–18]
is. BM is a realistic interpretation of Quantum Mechanics (QM). By QM
we mean its Copenhagen interpretation. Due to Heisenberg uncertainty in
position and momentum (∆x∆p ≥ ~/2) of QM, it is impossible to know the
precise location and momentum of a particle at an instant of time. However
in BM, the exact locations particles are in a way the hidden variables that
cannot be accessed by macroscopic objects. In BM, the particles are guided
by the wave-function of the system and the evolution is deterministic. All in-
teractions such as electromagnetic interactions happen at the wave-function
level. This has caused some apparent “paradoxes” such as the problem of
surreal trajectories in BM (See Ref. [7] for detailed information). The prob-
lem of surreal trajectories, however, is simply solved by accepting that the
interaction between particles occur at the wave-function level.
BM poses exact location for each particle in a system and the Heisenberg
uncertainty relation emerges as a result of macroscopic observer’s inadequacy
of knowing the exact position of a particle. Since particle positions can be
known in principle, it is also interesting that BM lets one know through
which slit the particle passed through in the famous double slit experiment.
See Ref. [1] for visual illustrations of the double slit experiment in BM.
Suppose there are N particles in a BM system. The wave-function is
governed by the usual Schro¨dinger equation of QM [16]:
i~
∂ψ(~q, t)
∂t
= −
N∑
k=1
~2
2mk
∇2kψ(~q, t) + V (~q)ψ(~q, t), (16)
where ~q = (~q1, ~q2, · · · , ~qN) is the vector that is an element of the configu-
ration space. On the other hand, there is another equation that specifically
governs the time evolution of the position of each particle [16]:
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Configuration Space
Figure 1: An illustrative example of a piecewise curve in the configuration
space of BFT. Jumps occur when particles are emitted or absorbed.
d~Qk
dt
=: ~vψk (
~Q) =
~
mk
=(ψ∗∇kψ)
ψ∗ψ
( ~Q1, ~Q2, · · · , ~Qn), (17)
where ~Q = ( ~Q1, ~Q2, · · · , ~Qn) and ~Qk ∈ R3 is the position of the kth parti-
cle and =(·) stand for the imaginary part of the term inside the parenthesis.
Because the equation that governs the time evolution of the position of par-
ticles is first order in time, particle paths do not intersect.
So far, this has been BM. BFT is a field theoretical generalization of
BM. It is expressed as a stochastic field theory [14]. The path that the
system follows in the configuration space (Q) is piece-wise continuous where
jumps occur when particles are emitted or absorbed [14]. See Figure 1. In
this perspective, it is distinct from BM where path that is followed by the
system in the configuration space should be continuous. Moreover, BFT lacks
Lorentz symmetry that is inherent in Quantum Field Theory (QFT). BFT
uses the Newtonian absolute time as QM does, unlike QFT. Because in SD,
there is no 4D refoliation invariance of GR and hence there is no relativity
of simultaneity, BFT is more amenable to an SD description rather than the
usual QFT.
Let the total Hamiltonian of the system be written as H = H0 + HI
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where H0 is the free Hamiltonian and HI is the interaction Hamiltonian. In
the continuous part of the path in Q the system evolves according to the
following formula [14]:
dQt
dt
= <Ψ
∗
t (Qt)(
˙ˆqΨt)(Qt)
|Ψt(Qt)|2 , (18)
where <(·) stands for the real part of the expression inside the parenthesis
and
˙ˆq =
d
dt
eiH0tqˆe−iH0t = i[H0, qˆ]. (19)
Here the wave-function Ψt(q) evolves according to the Schro¨dinger equa-
tion. When jumps occur, σΨ(dq|q′) is the jump rate in dt seconds from a
point q′ ∈ Q to a volume dq around a point q ∈ Q [14]:
σΨ(dq|q′) = 2[=Ψ
∗(q)〈q|HI |q′〉Ψ(q′)]+
|Ψ(q′)|2 , (20)
where x+ expresses the positive part of x, i.e. x+ ≡ max(x, 0).
6 Massive scalar Bohmian field on a shape
dynamics background and the Unruh effect
Unruh effect [33], is the observance of radiation in the Minkowski vacuum
state of rectilinear observers from the perspective of accelerated observers.
In its derivation, Lorentz symmetry of space-time and the field are used. It is
therefore an open question whether this effect is existent or not in Bohmian
field theory on a shape dynamics background.
We consider fields in the Schro¨dinger wavefunctional picture. Since the
Hamiltonian is independent of time, we have:∫
Σ
HquadmattΨ =
∫
Σ
1
2
(
− δ
2
δφ2
+ |∇φ|2 +m2φ2
)
Ψ = 0. (21)
Equation (21) is the time independent Schro¨dinger equation with energy
E = 0. This is because the integral
∫
Σ
Hquadmatt should vanish for a well defined
physical system on a compact space without boundary as the three-torus we
work with. This result is meaningful from a shape dynamics perspective as
well. In shape dynamics the total energy of the system should vanish for a
reparametrization invariant theory.
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We wish to use an Unruh-DeWitt detector to infer the existence Unruh
radiation. In short, an Unruh-DeWitt detector is a two-level quantum system
that is idealized as a point-like detector [26]. These detectors are coupled to
the Hamiltonian by adding a term −λχθφ in QFT where λ is a small coupling
constant and θ “is the operator of the detector’s monopole moment” [9] and
χ is a smooth switching function [26]. Here χ denotes the activity of the
Unruh-DeWitt detector. If it is nonzero for more time, the detector works
for more time. Since there is no previous work on Unruh-DeWitt detectors
in the context of BFT we add a real valued function of these variables to the
Hamiltonian: f(λ, χ, θ, φ). This would not change our final result about the
existence of Unruh effect in SD from a BFT perspective. This is because the
expectation value of the interaction Hamiltonian will be a multiplicative term
to the part that shows the non-zero Unruh radiation. After the inclusion of
the detector as an unknown real valued function of the detector variables,
the quadratic Hamiltonian becomes:
Hquadmatt =
1
2
(
− δ
2
δφ2
+ |∇φ|2 +m2φ2
)
+ f(λ, χ, θ, φ). (22)
Hence, the true time-independent Schro¨dinger equation is:
∫
Σ
HquadmattΨ =
∫
Σ
[
1
2
(
− δ
2
δφ2
+ |∇φ|2 +m2φ2
)
+ f(λ, χ, θ, φ)
]
Ψ = 0. (23)
Since the detector is a two level system with energies E0,−E1 (why there
is no minus sign in front of E0 will be clear below) the uncoupled Hamiltonian
can yield two energy states with −E0, E1. This is because the total energy
should vanish. On the other hand, we denote E0 as the vacuum energy hence
we equate it to zero: E0 = 0. The fact that field and the Unruh-DeWitt
detector have opposite energy levels means that if the detector is at energy
level −E, the field should be at energy E. The interaction Hamiltonian HI
on the other hand is the following:
HI = 6
∫
Σ×Σ
K(x, y)Hquadmatt(y). (24)
The jump rate for BFT (20) is then,
σΨ = 2
[=Ψ∗(q, t)HIΨ(q′, t)]+
|Ψ(q′, t)|2 . (25)
In order to calculate the jump rate, we should not forget the e−iEit time
dependence of the wave functionals (The field can have energy levels E = E1
and E = 0).
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Figure 2: The jump rate from vacuum to one particle state of the field. The
time is rescaled such that τ = E1t. The vertical axis is σ
Ψ in arbitrary units.
σΨ = 2
[=e−i(E1−E0)tΨ∗(q)HIΨ(q′)]+
|Ψ(q′)|2 . (26)
We use E0 = 0 and obtain the nonzero transition rate:
σΨ = 2
Ψ(q)HIΨ(q
′)
|Ψ(q′)|2 sin
+(−E1t). (27)
We have shown that there is a non-vanishing transition rate from vacuum
to a state with one particle. See Figure 2. The term added to the Hamiltonian
in order to include the Unruh-DeWitt detector includes a function of detector
variables. This does not annul the final result that there is non-zero Unruh
radiation: It only effects the spatial distribution of Unruh radiation. In
this approach the number of particles is directly related to the number of
available states of the Unruh-DeWitt detector. We have been unable to
exactly determine the particle production rate, however we have at least
shown that there is Unruh radiation detected by Unruh-DeWitt detectors
for a Bohmian field theory on a shape dynamics background.
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7 Conclusion
In this paper we investigated Bohmian field theory on a shape dynamics
background. Our aim has been to verify the existence of Unruh radiation
for accelerated observers. However because the integral kernel to calculate
the first order correction to the solution of the Lichnerowicz-York equation is
real, it turned out that the interaction Hamiltonian, HI , is real as well. Hence
the required imaginary part to determine a nonzero particle production rate
has come from the temporal part of the wave functional.
The existence of Unruh radiation is well known in the standard physics lit-
erature. Its existence is strongly tied to Lorentz symmetry of the Minkowski
space-time in the usual approach [33]. It may be therefore due to lack of
Lorentz symmetry both in Bohmian field theory and shape dynamics that
one may think there is no Unruh radiation in this setting. However we have
proved that there is a non-vanishing transition rate from the vacuum state
to an excited state of the Bohmian field.
On the other hand, it is known that Unruh radiation and Hawking radia-
tion are strongly connected with each other. Unruh modes around the black
hole’s event horizon are outgoing Hawking modes when back-reaction and
the angular momentum barrier around the black hole are neglected. Our re-
sult hence also motivates further studies on the nature of Hawking radiation
from shape dynamics black holes [20, 22] which are wormholes.
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